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Abstract— This paper presents state estimation and stochastic
optimal control gathered in one global optimization problem
generating dual effect i.e. the control can improve the future
estimation. As the optimal policy is impossible to compute, a
sub-optimal policy that preserves this coupling is constructed
thanks to the Fisher Information Matrix (FIM) and a Particle
Filter. This method has been applied to the localization and
guidance of a drone over a known terrain with height measure-
ments only. The results show that the new method improves the
estimation accuracy compared to nominal trajectories.

INTRODUCTION

Stochastic optimal control problems with imperfect state

information arise when an optimal control problem contains

uncertainties on the dynamics and when its state is partially

observed. These problems have many applications in chem-

istry [4][14] and in the automotive industry [6] for unmanned

vehicles, for example. The Dynamic Programming principle

[5] theoretically allows one to find the optimal controls

looked for as policies due to the randomness of the problem.

In addition, in such problems, as one has an access to the

state of the system only through some observations, a state

estimator is also needed as an as a function of them. In some

problems, the observations depend on the control, it is then

said that the control has a dual effect [9]. It has a double

role: it guides the system in a standard way and, at the same

time, it can also look for more information about the system

because it influences the observations [3].

Optimal policies are often impossible to compute directly

because of the curse of dimensionality. Thus many sub-

optimal policies have been developed to approximate the

optimal one. A sub-optimal policy can be designed to keep

the property of dual effect. It is mostly done when the control

problem is mixed with a parameter estimation problem [9].

Indeed, these methods are applied when learning about an

unknown parameter of a system helps guiding it. We present

a problem where the dual effect is used to improve state
estimation. Particle approximations are then very promising

techniques. Indeed, they are very efficient to approximate

stochastic optimization problems or to estimate the state of

a system, even in presence of high uncertainties, high non-

linearities and probability constraints.

Particle approximations are widely used in robust control.

In [7], the planned trajectories consider uncertainties, ob-

stacles or other probability constraints. Nevertheless, these

methods do not include state estimation and do not compute

control policies but control values. In [8], an optimization

problem coupling state estimation by a Moving Horizon
Estimation (MHE) and control by Model Predictive Control
(MPC) is discussed but this problem does not include dual

effect. In [12] and [13], a Particle Output MPC policy with a

particle filter used for the estimation and inside the optimiza-

tion problem is presented but, again, there is no coupling

between the control and the future estimation. In [10], a

dual controller based on a tree representation by particles is

proposed. However, in the latter article, the particles inside

the optimization problems are introduced by an Ensemble

Kalman filter rather than with a Particle Filter. In [4], an im-

plicit dual controller is computed thanks to a particle-based

policy iteration approximation but it is extremely costly in

practice and is limited to finite control spaces. In [14], an

Output feedback method based on Unscented Kalman filter

with a tree representation and measurements anticipation is

proposed but the conditional probability density of the state

is supposed to be gaussian at each time.

In this paper, we propose a particular stochastic optimiza-

tion problem that merges state estimation and control. This

problem makes explicitly appear dual effect additively in its

cost which creates a coupling between the controls and the

state estimators.

We also propose a sub-optimal policy of our new opti-

mization problem based on two successive approximations.

The first one consists in replacing a term by an equivalent

and simpler one which maintains the coupling created by the

dual effect. The second one is a particle approximation used,

both inside the optimization problem to find the control, and

outside it to estimate the state.

This paper is organized the following way: in section I,

we describe our new stochastic optimization problem and

give a comparison with classical problems. In section II, we

describe the approximation of our problem and compare it

to existing ones. We also give an application of our method

with numerical results.

I. SETUP OF STOCHASTIC OPTIMAL CONTROL

A. Optimization problem coupling control and estimation

1) Stochastic dynamics and observation equation : We

consider a discrete-time stochastic dynamical system whose

state is a stochastic process (Xk)k∈�0,T � valued in R
n with

T ∈ N
∗ which verifies ∀k ∈ �0, T − 1�:

Xk+1 = fk(Xk, Uk, ξk), (1)

X0 ∼ p0,
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where:

• p0 is a probability density and X0 ∼ p0 means that p0

is the probability law of X0.

• (Uk)k∈�0,T � is a stochastic process such that ∀k ∈
�0, T − 1�, Uk is valued in Uk ⊂ R

m.

• (ξk)k∈�0,T � is a stochastic process valued in R
d which

corresponds to the disturbances on the dynamics. We

suppose that ∀k ∈ �0, T − 1�, ξk ∼ pξk , and that ξk is

independent of ξl for k �= l and of X0.

• ∀k ∈ �0, T − 1�, fk : Rn × R
m × R

d −→ R
n.

We also assume that the state of the system is available

through some observations represented by a stochastic pro-

cess (Zk)k∈�0,T � valued in R
d which verifies, ∀k ∈ �0, T �:

Zk = hk(Xk, ηk), (2)

where:

• (ηk)k∈�0,T � is a stochastic process valued in R
q which

corresponds to the disturbances on the observations. We

suppose that ∀k ∈ �0, T �, ηk ∼ pηk
and that ηk is

independent of ξk, X0 and ηl for k �= l.
• ∀k ∈ �0, T �, hk : Rn × R

q −→ R
p.

For k ∈ �0, T �, we define the information vector Ik such as:

I0 = Z0, Ik+1 = (Ik, Uk, Zk+1). (3)

2) Presentation of our new optimization problem: As

explained in [5] and [4], in stochastic control, one does not

seek control values like in deterministic control but policies
i.e. functions of a certain random variable. As Ik gathers all

the data available for the controller, Uk will be looked for as

a function of Ik. Moreover, for the same reason about Ik, any

estimator of Xk, denoted by pXk, will also be looked for as a

function of Ik. Starting from this remark, ∀k ∈ �0, T−1�, we

define a generalized control Vk = (Uk, pXk) and VT = pXT

that must verify:

Vk = (Uk, pXk) = (μk(Ik), πk(Ik)), (4)

VT = pXT = πT (IT ),

where μk maps an information vector Ik to a control Uk in

the control space Uk and πk maps an information vector Ik to

an estimator pXk in R
n. Thus, minimizing over (V0, . . . , VT )

with the constraints (4) is equivalent to directly minimizing

over (μ0, . . . , μT−1) and (π0, . . . , πT ). Finally, similarly to

what is done in [8], we propose a stochastic optimiza-

tion problem over the generalized control Vk that mixes

control and state estimation. In addition, in our proposed

approach, (U0, . . . , UT−1) and ( pX0, . . . , pXT ) are coupled,

which means that the control Uk can influence the future

estimators ( pXk+1, . . . , pXT ). In order to do this, we define

generalized integral costs (g̃k)k∈�0,T−1� and a generalized

final cost g̃N such that, ∀k ∈ �0, T − 1�, each one can be

decomposed in two terms as follow:

g̃k(Xk, Vk, ξk) = gk(Xk, Uk, ξk) + fC pCkq , (5)

g̃T (XT , VT ) = gT (XT ) + fC pCT q , (6)

with

Ck = E

”
(Xk − pXk)(Xk − pXk)

T
ı
, (7)

where:

• ∀k ∈ �0, T −1�, gk: Rn×R
m×R

d −→ R is a standard

instantaneous cost and gN :Rn −→ R is a standard

final cost. Here, standard means that these costs are a

criterion of the system performance we want to optimize

in the first place like a price or a distance for example.

• fC : S++
n (R) −→ R is a cost on the covariance matrix

of the estimator, defined in (7). fC can be seen as a

measure of the estimation error.

Therefore, minimizing the costs defined in (5) and (6) over

(V0, . . . , VT ) is equivalent to looking for a compromise

between control and state estimation. With (1)-(7), we can

define our generalized stochastic optimal control problem

(PCE) by:

min
π0,...,πT

μ0,...,μT−1

E

”∑T−1
k=0 g̃k(Xk, Vk, ξk) + g̃T (XT , VT )

ı

s.t. ∀k ∈ �0, T − 1�,
Xk+1 = fk(Xk, Uk, ξk),

Zk = hk(Xk, ηk),
Vk = (μk(Ik), πk(Ik)),
ZT = h(XT , ηT ),
VT = πT (IT ).

With an appropriate choice of fC , the terms fC pCkq can

force a coupling between Uk−1 and pXk and in particular

the control Uk−1 can force the state Xk to reduce the error

made by the estimator pXk. Eventually, the sum of those terms

creates a coupling between Uk−1 and ( pXk, . . . , pXT ). Still,

(PCE) is computationally intractable because (π0, . . . , πT )
and (μ0, . . . , μT−1) are extremely hard to compute due to

the curse of dimensionality. Moreover, if fC is not linear,

classical Dynamic Programming cannot be applied. In the

following, we show, as in [8], that (PCE) is a combination of

two types of problems: a classical stochastic optimal control

problem without state estimation and a sequence of state

estimation problems with a a-priori-fixed control.

B. Link with classical stochastic optimal control

If one chooses fC to be constant then only remains

the minimization over (μ0, . . . , μT−1) and one recovers

a stochastic optimal control problem with imperfect state

information, denoted by (PC):

(PC) : min
μ0,...,μT−1

E

”∑T−1
k=0 gk(Xk, Uk, ξk) + gT (XT )

ı
s.t. Xk+1 = fk(Xk, Uk, ξk),

Zk = hk(Xk, ηk),
Uk = μk(Ik), ∀k ∈ �0, T − 1�.
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As shown in [5], the optimal policies of (PC) can theoreti-

cally be found by solving the Bellman equation considering

our problem (PC) as a perfect state information problem

where the new state is Ik. If (1) and (2) are linear, and

gk and gT are quadratic in both the state and the control,

the optimal policy is linear and can be computed in closed

form. However, in the non-linear case, as the dimension of

Ik grows with time, (PC) is very often intractable.

C. Link with state estimation
If one supposes that (μ0, . . . , μT−1) are constant, then

only remains the minimization over (π0, . . . , πT ) which

gives a sequence of stochastic optimization problems, de-

noted by (P k
E)k∈�0,T � that correspond to state estimation

problems. For k ∈ �0, T �, (P k
E) is defined by :

(P k
E) : min

πk

fC

´
E

”
(Xk − pXk)(Xk − pXk)

T
ı¯

s.t. pXk = πk(Ik).

If one chooses fC(·) = tr(·) then:

fC

´
E

”
(Xk − pXk)(Xk − pXk)

T
ı¯

= E

”
‖Xk − pXk‖

2

2

ı
,

and (P k
E) becomes the optimal filtering problem described in

[1] whose solution is known to be the conditional expectation

of Xk with respect to Ik denoted by E[Xk|Ik]. If the

equations (1) and (2) are linear with independent gaussian

disturbances then E[Xk|Ik] can be computed exactly thanks

to the recursive equations of the Kalman filter. Otherwise,

such exact equations do not exist and the problem becomes

very hard. Contrary to the min-max problem described in

[8], in our case, when we combine the problems (PC) and

(P k
E)k∈�0,T � to get (PCE) the variables (U0, . . . , UT−1) and

( pX0, . . . , pXT ) are interestingly interdependent.

II. TRACTABLE APPROXIMATIONS OF STOCHASTIC

OPTIMAL CONTROL PROBLEMS

The optimal policy of (PCE) denoted by

(μ∗
0, . . . , μ

∗
T−1, π

∗
0 , . . . , π

∗
T ) cannot be approached directly

by space discretization of the information space because of

its high dimension. So an approximation by a sub-optimal

policy is proposed in this paper. First, before describing our

approximation, we recall briefly a classification of stochastic

control policies introduced in [3] and gives some example

among existing methods. Then, we determine in which class

our sub-optimal policy must be if we want to preserve the

most important feature of (PCE) that is to say the coupling

between Uk−1 and ( pXk, . . . , pXT ). Secondly, we explain

how our approximation of (μ∗
0, . . . , μ

∗
T−1, π

∗
0 , . . . , π

∗
T ),

denoted by (μF
0 , . . . , μ

F
T−1, π

F
0 , . . . , π

F
T ) is computed.

A. Classification of existing policies
In [3], four classes of stochastic control policies for fixed-

end time are defined according to the quantity of information

used and the level of anticipation of the future. These classes

of policies are defined as follow:

• Open Loop (OL) policies. In this case the control,

Uk for k ∈ �0, T − 1�, depends only on the initial

information I0, the knowledge of dynamics (1) and of

(pξi)∀i∈�0,T−1�. The sequence is determined once for

all at time k = 0 and never adapts itself to the available

information. An application in robust path planning is

described in [6]

• Feedback (F) policies. In this class, Uk depends on

Ik, the dynamics (1), (pξi)∀i∈�0,T−1�, the observation

equations (2) up to time k and of (pηi
)∀i∈�0,k�. Unlike a

OL-policy, a F-policy incorporates the current available

information but never anticipates the fact that observa-

tions will be available at instants strictly greater than k.

Many sub-optimal policies using Model Predictive Con-
trol (MPC) combined with any estimator are F˙policies

because the fixed-time horizon optimization problems

are solved with the initial condition being the current

state estimate. MPC is used with particle filter in [13]

and [12]. Particle filter was already used to approximate

stochastic control problems in [2]. This type of policies

are reviewed in [11]. In [8], a policy combining worst

case non-linear MPC and a Moving Horizon Estimator
(MHE) into one global min-max problem is discussed.

Still, this policy does not explicitly include knowledge

of future observations so it remains a F-policy.

• m-measurement feedback (m-MF). In this class, Uk

depends on Ik, the dynamics (1), (pξi)∀i∈�0,T−1�, the

observation equations (2) up to time k + m and of

(pηi
)∀i∈�0,k+m� with m ≤ T − k + 1. Similarly to F-

controls, m-MF- controls can adapt themselves to the

current situation and also anticipate new observations

up to m instants after k. For example, Scenario-Based

MPC [11] or Adaptive MPC [11] produces m-MF

policies. These controllers are said to be dual because,

besides guiding the system to its initial goal, they also

force the system to gain information about itself through

state or parameter estimation. Examples of scenario

based MPC are given in [14] and [10]. Another example

of a dual controller using particle filter and policy

iterations is discussed in [4].

• Closed Loop (CL) policies. In this class, Uk depends on

Ik, the dynamics (1), (pξi)∀i∈�0,T−1�, the observation

equations (2) up to time T and of (pηi
)∀i∈�0,T �. This

class is the extension of the m-MF class up to the

final time T. Optimal policies obtained from Dynamic

Programming belong to this class because each policy

obtained from the backward Bellman equation mini-

mizes a instantaneous cost plus a cost-to-go including

all the future possible observations. We also suppose

that (μ∗
0, . . . , μ

∗
T−1, π

∗
0 , . . . , π

∗
T ) belong to this class

even if fC is not linear.

Considering this classification, our sub-optimal policy must

belong at least to the m-MF class and ideally to the CL

class. Indeed, the goal of our method is to get a control at

1568



time k − 1, Uk−1, that reduces the estimation error made

by ( pXk, . . . , pXT ). We also know from equations (3) and (4)

that the estimator ( pXk, . . . , pXT ) depends on the variables

(Z0, . . . , ZT ). Besides, equations (1) and (2) show that the

control Uk−1 cannot modify (Z0, . . . , Zk−1) but only Zk and

by recursion the next observations (Zk+1, . . . , ZT ). Thus,

our design of the control must incorporate the evolution of

future observations thanks to equation (1) and (2). If we con-

sider (Zk+1, . . . , ZT ) then our sub-optimal policy is an CL

policy. If we only include the evolution of (Zk+1, . . . , Zk+m)
for m ≤ T−k+1, for computational reasons, then our policy

is a m-MF one. In this paper, we described a version of our

method that belongs to the CL class.

B. Proposed particle approximation of the problem mixing
control and state estimation

Our approximation, (μF
0 , . . . , μ

F
T−1, π

F
0 , . . . , π

F
T ), is com-

puted thanks to two separated ideas. First, we replace the

term fC pCkq by a term depending only on Xk and Uk

removing the minimization over pXk . Then, we approach

the new problem by a sequence of deterministic problems

solved online with a technique similar to the one presented

in [12].

1) Fisher approximation: As said previously,

(μF
0 , . . . , μ

F
T−1, π

F
0 , . . . , π

F
T ) must keep the coupling

effect between the control and the state estimation. We

recall from section I-A that the terms in the generalized

cost that produce this effect are the terms fC pCkq. These

terms also introduce a minimization over ( pX0, . . . , pXT )
without any other constraint that being a function of Ik,

making (PCE) impossible to approximate directly by several

deterministic problems. The coupling disappears if one does

this with a MPC-like technique and without modification in

the cost. Indeed, if one transforms (PCE) in a deterministic

problem fixing, for example, the disturbances to their mean,

or with a Monte Carlo approximation then one does not

look for policies anymore but for values so the constraints

(4) disappear. Then, ( pX0 · · · pXT ) are unconstrained so,

with, for instance, fC(·) = tr(·), one finds ∀k ∈ �0, T �,

Xk = pXk. The computed value of pXk is useless and the

interesting terms also disappear. To avoid this, we replace

Ck by pJkq−1
where Jk is the Fisher Information Matrix

(FIM) which only depends on the current and previous

states and on the previous controls. Consequently, We have

created a new stochastic optimization problem without

optimization over ( pX0, . . . , pXT ). The new integral costs

denoted by, g̃Fk , and final cost denoted by, g̃FT , are then

defined as follow ∀k ∈ �0, T − 1�:

g̃Fk (Xk, Vk, ξk) = gk(Xk, Uk, ξk) + fC

´
pJkq−1

¯
, (8)

g̃FT (XT , VT ) = gN (XT ) + fC

´
pJT q−1

¯
, (9)

where (Jk)k∈�0,T � is the FIM computed recursively as in

[15]. The new stochastic optimal control problem to solve is

(PCF ) : min
μ0...μT−1

E

”∑T−1
k=0 g̃Fk (Xk, Uk, ξk) + g̃FT (XT )

ı

s.t. Xk+1 = fk(Xk, Uk, ξk),
Zk = hk(Xk, ηk),
Uk = μk(Ik), ∀k ∈ �0, T − 1�.

As the estimators are not included in the optimization prob-

lem anymore, we suppose that some estimators are computed

outside of (PCF ). Now, we have to justify why the coupling

between the control and the state estimation still exists even

if the estimators are not computed inside the optimization

problem anymore. We know from [15] that Jk is invertible

and for all non-biased estimator pXk of Xk, we have:

E

”
(Xk − pXk)(Xk − pXk)

T
ı
≥ J−1

k ,

where ≥ corresponds to a positive semi-definite inequality.

Moreover, let us assume that we choose an unbiased estima-

tor pXk whose covariance matrix Ck tends to the inverse of

the FIM when k →∞. Then if fC is continuous, minimizing

fC

´
(Jk)

−1
¯

is close to minimizing fC(Ck) after a certain

time . Thus the optimal policy of (PCF ) gives a control that

almost minimizes fC(Ck). In other words, the error made

by the estimator pXk (in the sense of fC) when estimating

the optimal trajectory of (PCF ) is closed to be minimum.

Consequently, the coupling between Uk−1 and pXk still exists

even if pXk is removed from the optimization problem. This

is also true for all the future estimators then one recovers

the full coupling between Uk−1 and ( pXk, . . . , pXT ).

2) Particle approximation: The second idea consists in

approximating (PCF ) by a Monte Carlo method. We use

a set of particles and weights coming from a Particle Filter.

Therefore, we suppose that, for l ∈ �0, T−1�, the conditional

density of Xl w.r.t. Il denoted by p(Xl|Il) is represented by

a set of N particles
´
x̃
(i)
l

¯
i∈�1,N�

and weights
´
ω
(i)
l

¯
i∈�1,N�

.

This approximation is based on the fact that p(Xl|Il) is

a sufficient statistics for classic problems with imperfect

state information ([5], [4]) meaning that the policies can be

considered as functions of p(Xl|Il) instead of Il. Moreover,

for computational reasons, we only use the Ns < N most

likely particles from the set
´
x̃
(i)
l

¯
i∈�1,N�

. We note that, in

(P̃ l
CF ), the FIM is approximated with a Monte Carlo method.

Our particle approximation of (PCF ) consists in solving a

sequence of deterministic problems (P̃ l
CF )l∈�0,T−1� defined

by:

min
ul···uT−1

x
(i)
l+1

···x(i)
T

∑T−1
k=l

∑Ns

i=1 ω
(i)
l

´
g̃Fk

´
x
(i)
k , uk, ξk

¯
+ g̃FT

´
x
(i)
T

¯¯

s.t. ∀k ∈ �l, T − 1�,
∀i ∈ �1, Ns�,

x
(i)
l = x̃

(i)
l ,

x
(i)
k+1 = fk(x

(i)
k , uk, ξ

(i)
k ).
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Finally, for l ∈ �0, T − 1�, we define our policy by:

μJ
l pp(Xl|Il)q = u∗

l , (10)

πJ
l (p(Xl|Il)) =

∑N

i=1
ω
(i)
l x̃

(i)
l , (11)

πJ
T (p(XT |IT )) =

∑N

i=1
ω
(i)
T x̃

(i)
T . (12)

Equality (10) means that we only apply the first optimal

control found by solving (P̃ l
CF ). Equality (11) and (12) mean

that our estimator is E[Xk|Ik] computed with a Monte Carlo

method. Our feedback algorithm is summed up in Algorithm

1.

C. Application and Results

Fig. 1. Plot of one trajectory obtained by fisher particle control and of the
particles from the particle filter

1) Description of our application: We applied this

method to the guidance and localization of a drone by terrain-

aided navigation. Our objective is to guide a drone in 3D

from the unknown initial condition X0 to a target point xta.

To do so, we only measure the difference between the altitude

of the drone and the altitude of the corresponding vertical

point on the ground. More formally, at time k, the state Xk

is of dimension 6 and denoted Xk = (x1
k, x

2
k, x

3
k, v

1
k, v

2
k, v

3
k)

where (x1
k, x

2
k, x

3
k) stands for a 3D position and (v1k, v

2
k, v

3
k)

for a 3D speed. We suppose that (1) is linear i.e. ∀k ∈
�0, T − 1�:

Xk+1 = FXk +BUk + ξk, , (13)

Where F and B represent the discrete-time dynamic of a

double integrator with a fixed time step dt.

To represent the observations made by the system we

introduce hmap : R × R −→ R which maps a horizontal

position (x1, x2) to the corresponding height on a terrain

map. We suppose that hmap is known but as it is often

constructed from empirical data coming from a real terrain,

it is highly non linear. Then the observation equation (2) can

be rewritten, ∀k ∈ �0, T �:

Zk = x3
k − hmap(x

1
k, x

2
k) + ηk. (14)

The challenge of this problem is to reconstruct a 6 dimen-

sional state Xk and, in particular, the horizontal position of

the drone (x1
k, x

2
k) with a 1 dimensional observation. The

main issue of this problem is that (13) and (14) may not be

observable depending on the area the drone is flying over.

Indeed, let us assume that the drone flies over a flat area then

one measurement of height on the map correspond to a whole

horizontal area so the state estimation cannot be accurate.

However, if the drone flies over a rough terrain, then one

measurement of height matches a much smaller horizontal

area and the state estimation can be more accurate. Therefore,

the quantity that must be maximized is the gradient of hmap.

Actually, from [15], one can see that a quadratic term of

this gradient appears in Jk contains useful information to

maintain the coupling between control and state estimation,

as predicted in the previous part. The desired online goal

Algorithm 1 Fisher Feedback Control

1: Create a sample of N particles x̃
(i)
0 according to the law

N (m0, P0) and initialize the weights ω
(i)
0

2: for l = 0, · · · , T − 1 do
3: Solve (P̃ l

CF ) starting from the set x̃
(i)
l and the

weights ω
(i)
k .

4: Get a sequence of optimal control u∗
l , · · · , u∗

T−1.

5: Draw realizations of ξl, denoted by ξ
(i)
l .

6: Compute the a priori set at time l,
´
x̃
(p,i)
l

¯
i∈�1,N�

,

applying the dynamics (1) with control u∗
l i.e: x̃

(p,i)
l =

fk(x̃
(i)
l , u∗

l , ξ
(i)
l ).

7: Get the new observation yl+1.

8: Compute the new weights
´
ω
(i)
l+1

¯
i∈�1,N�

.

9: Compute the a posteriori set
´
x
(i)
l+1

¯
i∈�1,N�

by re-

sampling the a priori set
´
x̃
(p,i)
l

¯
i∈�1,N�

.

of our method in this application is then to estimate the

state of the system and simultaneously design controls that

force the drone to fly over rough terrain so that the future

estimation error diminishes. We also want the system to be

guided precisely to the target xta, eventually. Without state

estimation improvement, we would like the drone to go in

straight line to the target so we define the standard integral

and final costs, ∀k ∈ �0, T − 1�, as follow:

gk(Xk, Uk, ξk) = α‖Uk‖22, gT (XT ) = γ‖XT − xta‖22,
where α > 0, γ > 0. To generate the estimation improve-
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ment, we choose the coupling cost as follow:

fC

´
(Jk)

−1
¯
=

β

tr(Jk)
, ∀k ∈ �0, T �, (15)

where β > 0. In section I-C, we recalled that the natural cost

would be fC

´
(Jk)

−1
¯
= tr

´
(Jk)

−1
¯

. However, in order to

avoid matrix inverses in the resolution of (P̃ l
CJ), we rather

chose the cost defined in (15) that has the same monotony as

the natural one in the matrix sense. The parameters (α, β, γ)
allow one to modify the behaviour of the system. If one

wants to go faster to the target one can increase α, on the

contrary if one can afford to lose time and wants a more

precise estimation then one can increase β. We have only

applied our method on an artificial analytical but the final

desired application is to use our method on real maps.
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Fig. 2. Plot of the RMSE of a straight and a fisher trajectory in the x1

and x2 coordinates for 50 runs of algorithm 1 with T = 20, dt = 10s
Ns = 100 and N = 10000

2) Results: Figure 1 represents a simulated trajectory

(black) in 2D of our drone computed with the controls found

by Algorithm 1 for one realization of the initial condition and

of the disturbances. The figure also shows the particles (red)

used to estimate the state of the trajectory. One can see that

the set of particles tightens around the black trajectory. Other

simulations have shown that it is not the case with a straight

trajectory. Figure 2 compares the Root Mean Square Error
(RMSE) in x1 and x2 in the case of straight trajectories

(β = 0) to the case of curved trajectories (large β) that

creates coupling, for 50 runs of our algorithm. One can see

that making a detour over the hills reduces highly the error

made on the horizontal position of the drone compared to

a standard trajectory, designed to go as fast as possible to

the target. One can remark that in our example of map the

RMSE in x1 increases in both cases at the end of the runs.

This is due to the ambiguity of our artificial terrain. One can

also remark that our method allows the drone to avoid flat

areas but not areas that would be non-flat and periodic.

CONCLUSION

This paper considers a stochastic optimal control problem

combining state estimation and standard control designed

to create dual effect. As this problem is intractable, a new

approximation of the optimal control policy based on the

FIM and a Particle Filter is proposed. Numerical results are

given and show the efficiency of the whole method compared

to the one without dual effect. In future works, from a

theoretical point of view, we would like to evaluate the error

made by solving (PCF ) with a fixed estimator instead of

(PCE). From an application point of view, we would like to

apply the method on real maps and implement our method

in a receding horizon way and a better Particle filter to

decrease the number of particle needed and speed up the

computations.
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